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2 Multilaminate framework 

2.1 Concept  
 
Generally, the multilaminate framework establishes a simplified relationship 
between the micro-scale mechanical behaviour of a material and the macro-scale 
one. This concept is based on the slip theory which dates back to Taylor (1938). 
Within this framework the global behaviour of a material is obtained from 
material properties on slip planes.  
 
Soil can be considered as a discrete body which consists of an infinite number of 
solid particles with forces and bonds acting between them. The total deformation 
of the soil mass is a combination of elastic and plastic deformations. When a load 
is applied to a soil mass, inter-particle stresses increase and the resulting elastic 
deformation is mainly a result of elastic deformation of particles. If stresses 
increase such that the normal and shear stresses between particles satisfy a 
certain criterion, the interparticle bonds are broken and consequently particles 
can move and this causes plastic deformation between particles. The overall 
plastic deformation of a soil body is then equal to the summation of all plastic 
inter-particle deformations. If soil is considered as a discrete body, the 
deformations can be calculated in this way, but the numerical analysis of a 
boundary value problem, which contains a very large number of soil particles, is 
very time consuming and therefore not feasible from a practical point of view. 
 
According to the multilaminate framework, the above mentioned behaviour of 
soils can be simplified by assuming the soil body to be a combination of solid 
particles and an infinite number of imaginary sliding planes which are randomly 
oriented in space. The overall plastic deformation of a soil body is then a result 
of plastic movement along these planes. The inter-particle stresses can be 
assumed to be stresses on these planes and plastic deformation of soil is assumed 
as plastic sliding of particles along theses planes. The whole deformation of the 
soil is therefore equal to elastic deformation of solid particles and plastic 
deformation obtained from the deformation on the planes. Since consideration of 
an infinite number of sliding planes is obviously impossible, for each group of 
planes one plane is selected as representative and a weighting coefficient is 
applied. The selected planes are called sampling, contact or integration planes. In 
this study, the term “sampling planes” is used for this set of planes. The accuracy 
of the model depends on the number, orientation and distribution of the sampling 
planes used.  
 
In a multilaminate type of constitutive model, yield and plastic potential 
functions are defined on these independently acting sampling planes. As a 
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consequence, plastic strains develop independently on planes, thus the 
multilaminate model is able to take into account induced anisotropy intrinsically, 
i.e. without requiring additional parameters. Inherent anisotropy, which is a result 
of having different strength in different directions, can also be introduced in a 
straightforward manner by varying model parameters over the sampling planes.  
 

2.2 A brief review on multilaminate models  
 
The multilaminate framework is based on the slip theory which was originally 
proposed by Taylor (1938) and developed by Batdrof & Budiansky (1949) and 
Sanders (1955) for modelling plastic behaviour of metals. The basic assumption 
was that sliding at any orientation is a function of the plastic shear strain at the 
respective orientation which depends on the shear stress history.  
 
Zienkiewicz & Pande (1977) used this framework to model jointed rocks with 
the assumption that a pronounced anisotropy of rock can be described by 
introducing a certain number of planes of weakness. On these planes the 
constitutive model is formulated in a local coordinate system describing the 
amount of sliding and opening. The overall deformation is obtained from 
numerical summation of strains from the different planes. 
 
Pande & Sharma (1983) developed this concept for soils to model the mechanical 
behaviour of clays based on the multilaminate framework. They introduced a 
critical state type of constitutive soil model on 2×13 independently acting 
sampling planes to analyse rotation of principal stress axes and induced 
anisotropy. They evaluated the model by comparing it with the results of a 
standard invariant formulation of the critical state model, Sharma (1980), 
Varadarajan et al. (1990). 
 
Krajewski (1986) employed this concept for modelling sand behaviour by using a 
double hardening model within the multilaminate framework. Numerical 
modelling of sand behaviour was also performed by Sadrnezhad & Pande (1989) 
based on the model introduced by Poorooshasb & Pietruszczack (1985). 
Sadrnezhad & Pande (1989) introduced a different formulation for sand 
employing a viscoplastic algorithm and validated their model against hollow 
cylinder and true triaxial tests. 
 
A study on strain localisation with the multilaminate framework was performed 
by Karstunen (1999) who implemented a model for dense sand including 
deviatoric hardening and a non-associated flow rule. A viscoplastic 
multilaminate model for strain localisation was developed by Schuller (2000) for 
plane strain problems including 64 sampling planes. This model embraces 
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deviatoric hardening followed by a linear strain softening behaviour. The model 
was validated against numerical simulation of biaxial tests and NATM tunnel 
excavations.  
 
More recently, Wiltafsky (2003) has developed a multilaminate model, which 
forms the basis of this study, including deviatoric and volumetric hardening. It 
has been implemented into the finite element code PLAXIS (Brinkgreve et al. 
2006) for modelling normally consolidated and slightly overconsolidated 
reconstituted clays and employed for the analysis of soft Scandinavian clays. An 
extension of this model, namely the Multilaminate Model for Structured Clay 
(MMSC), will be described in this thesis. 
 
The latest development of the multilaminate model has been performed by 
Scharinger (2007), namely Multilaminate Model for Soil (MMS), where 
Wiltafsky’s model has been extended for modelling sand behaviour incorporating 
small strain stiffness. The new features of the MMS are: more integration rules 
(Scharinger et al. 2007), a new plastic potential function to improve response in 
undrained conditions (Scharinger & Schweiger 2005) and extension for 
considering small strain stiffness effects (Scharinger et al. 2007). 
 

2.3 Numerical integration  
 
According to the multilaminate framework, numerical integration of a certain 
function is performed on a sphere with radius of 1. The numerical integration is 
usually applied to plastic strains, however any continuous mathematical function, 
which describes a physical property of the soil body, can be numerically 
integrated. The surface of the unit sphere can be approximated by an infinite 
number of planes which contact the sphere in some contact points. When the 
number of sampling planes is limited to a certain number, the contact points can 
be specified. The integration on the sphere is approximated by using the 
sampling planes. It is obvious that the accuracy of the numerical integration 
depends on the number, orientation and distribution of sampling planes (Eq. 1). 
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S is the surface of the unit sphere, nSP is the number of sampling planes on which 
the summation is taken and h(x,y,z) is a continuous function. xi, yi and zi are the 
coordinates of the contact point of plane i on the sphere which can be considered 
as the direction cosines of the normal vector to the sampling plane i (because the 
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radius of the sphere is 1) and wi is the weighting coefficient of the sampling  
plane i. 
 
Number and distribution of sampling planes on the sphere are governed by the 
integration rule. In a symmetrical case, for each two points on the sphere one 
plane is specified, therefore, the integration can be carried out on a hemisphere 
rather than a sphere and the corresponding weighting coefficients are doubled, 
(Bažant & Oh 1985), which reduces the computational efforts. Fliege & Maier 
(1996, 1999) proposed an algorithm to produce non-symmetric integration rules 
of higher order which allow for high accuracy, but the required computational 
effort still restricts the number of sampling planes. Pande & Sharma (1983), 
Sadrnezhad & Pande (1989) and Krajewski (1986) used a symmetric integration 
rule with 2×13 sampling planes for three-dimensional analyses which is not 
sufficient to obtain accurate results. However restriction in computing capacities 
of the time when these analyses were carried out did not allow for more sampling 
planes.  
 
Based on the integration rule proposed by Bažant & Oh (1985), 33 and 61 
sampling planes were implemented by Wiltafsky (2003). Scharinger (2007) 
added new integration rules, i.e. 21 and 37 sampling planes, and studied their 
accuracy by performing numerical compression and extension triaxial tests with 
different values of friction angle. All calculations presented in this study are 
based on 2×33 symmetric sampling planes (Figure 1) as a balance between 
computational effort and calculation accuracy. Direction cosines and 
corresponding weighting coefficients of each sampling plane for the symmetric 
33- plane integration rule are given in Table 1. 
 
 

 
 
Fig. 1: View of the 33 planes per hemisphere in space, Neher et al. (2002) 
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Tab. 1: Direction cosines and weighting coefficients of sampling planes for 

the symmetric 33-plane integration rule, Bažant & Oh (1986) 
 

i xi yi zi wi 
1 1 0 0 0.00985353993433 
2 0 1 0 0.00985353993433 
3 0 0 1 0.00985353993433 
4 0.707106781187 0.707106781187 0 0.01629696858860 
5 0.707106781187 -0.707106781187 0 0.01629696858860 
6 0.707106781187 0 0.707106781187 0.01629696858860 
7 0.707106781187 0 -0.707106781187 0.01629696858860 
8 0 0.707106781187 0.707106781187 0.01629696858860 
9 0 0.707106781187 -0.707106781187 0.01629696858860 
10 0.933898956394 0.357537045978 0 0.01347888440080 
11 0.933898956394 -0.357537045978 0 0.01347888440080 
12 0.357537045978 0.933898956394 0 0.01347888440080 
13 0.357537045978 -0.933898956394 0 0.01347888440080 
14 0.933898956394 0 0.357537045978 0.01347888440080 
15 0.933898956394 0 -0.357537045978 0.01347888440080 
16 0.357537045978 0 0.933898956394 0.01347888440080 
17 0.357537045978 0 -0.933898956394 0.01347888440080 
18 0 0.933898956394 0.357537045978 0.01347888440080 
19 0 0.933898956394 -0.357537045978 0.01347888440080 
20 0 0.357537045978 0.933898956394 0.01347888440080 
21 0 0.357537045978 -0.933898956394 0.01347888440080 
22 0.437263676092 0.437263676092 0.785875915868 0.01757591298800 
23 0.437263676092 0.437263676092 -0.785875915868 0.01757591298800 
24 0.437263676092 -0.437263676092 0.785875915868 0.01757591298800 
25 0.437263676092 -0.437263676092 -0.785875915868 0.01757591298800 
26 0.437263676092 0.785875915868 0.437263676092 0.01757591298800 
27 0.437263676092 0.785875915868 -0.437263676092 0.01757591298800 
28 0.437263676092 -0.785875915868 0.437263676092 0.01757591298800 
29 0.437263676092 -0.785875915868 -0.437263676092 0.01757591298800 
30 0.785875915868 0.437263676092 0.437263676092 0.01757591298800 
31 0.785875915868 0.437263676092 -0.437263676092 0.01757591298800 
32 0.785875915868 -0.437263676092 0.437263676092 0.01757591298800 
33 0.785875915868 -0.437263676092 -0.437263676092 0.01757591298800 
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2.4 Mathematical formulation  
 
According to the additivity postulate of the theory of plasticity, the overall 
deformation of a soil mass is the summation of elastic and plastic deformations. 
Therefore, the total strain increment dε consists of the elastic strain increment dεe 

and the plastic strain increment dεp: 
 

pe dεdεdε +=  (2) 

 
The elastic strain increment dεe depends on the effective stress increment dσ´: 
 

( ) ´1dσDdε −
= ee  (3) 

 
where De represents the elastic stiffness tensor of the soil body which can be 
obtained from the numerical summation of the micro level elasticity matrices 
formulated for each sampling plane. Therefore: 
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where Di

e is the micro level elastic stiffness tensor for the sampling plane i. 
Scharinger (2007) used the micro level elastic stiffness matrix to implement 
small strain behaviour in the multilaminate model. In this study, isotropic 
elasticity is assumed and the elastic strains are obtained from the global stiffness 
tensor of the soil body without using the multilaminate concept. 
 
The relationship between the total stress vector σ and the effective stress vector 
σ´, which have the form of σ=( σx, σy, σz, σxy, σyz, σzx)T and σ´=( σ´x, σ´y, σ´z, 
σ´xy, σ´yz, σ´zx)T, can be expressed by 
 

umσσ +′=  (5) 

 
in which u is the pore water pressure and m is a constant operator vector with the 
form of m=( 1, 1, 1, 0, 0, 0)T. 
 
Within the multilaminate framework, yield and plastic potential functions are 
specified independently on the sampling planes. The yield function for the ith 
sampling plane can be written as a function of the micro level effective stress σi´ 
and the hardening (or softening) parameter which is a function of the 
accumulated plastic strain εip on the respective plane. 
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( )piiii ff εσ ,′=  (6) 

 
The micro level effective stress σ´i on each sampling plane is obtained by means 
of: 
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σ´ is the effective stress tensor (Eq. A.1) and ni is the normal unit vector of plane 
i. Note that in Eq. 7 subscript i does not denote the summation notation over i. 
 
According to the theory of plasticity, the plastic strain increments are 
proportional to the derivative of the plastic potential function with respect to the 
stresses. If the yield function is identical to the plastic potential function (gi=fi), 
the flow rule is associated, otherwise non-associated (gi≠ fi). The increment of 
plastic strain dεi

p of the ith sampling plane is given by 
 

i

i
i

p
i

gd
σ

dε
′∂

∂
Λ=  (8) 

 
in which dΛi is the increment of the micro level plastic multiplier and gi is the 
micro level plastic potential function. For elastic behaviour dΛi is zero (fi<0), 
while in the case of plastic behaviour dΛi is positive (fi=0). The increment of 
micro level plastic strain dεi

p is only calculated for the activated sampling planes, 
i.e. sampling planes in which the yield function is zero (fi=0). 
 
To obtain the global plastic strain increment dεp, the contributions from all 
sampling plans have to be taken into account by transformation of the micro level 
plastic strain increment dεi

p and the integration over the surface of the unit 
sphere: 
 

∫∫ ∂
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p dSgddS 'σ
TdεTdε  (9) 

S denotes the surface of the unit sphere and Ti is the transformation matrix of the 
sampling plane i which contains partial derivatives of the local effective stress 
vector with respect to the global effective stress vector: 
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As mentioned before the above integration can be numerically approximated by 
the following summation: 
 

∑∑
== ′∂

∂
Λ==

SPSP n

i
i

i

i
ii

n

i
i

p
ii

p wgdw
11 σ

TdεTdε  (11) 

 
The aforementioned concept of the multilaminate models in the context of the 
finite element method is schematically depicted in Figure 2.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 2: General concept of multilaminate models, Wiltafsky (2003) 
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2.5 Numerical implementation  
 
To implement a non-linear constitutive model into a finite element code, 
different approaches are available which can be summarised as viscoplastic 
algorithm, the tangent stiffness approach and the modified Newton-Raphson 
approach. As shown by Potts & Zdravković (1999) the viscoplastic approach and 
the tangent stiffness approach are very sensitive to the size of the increment 
applied. Wiltafsky (2003) therefore adopted the modified Newton-Raphson 
approach. In this approach, an elastic predictor is used to give a trial stress and by 
means of an iterative sub-algorithm the stress is returned back to the yield 
surface. A more detailed description of the numerical implementation of the 
multilaminate model is given in Appendix B.   
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