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. De beschrijving van niet-lineair elastisch materiaalgedrag met behulp van een elastische
potentiaal, waarin de secant stijfheid een machtsfunktie is van het spanningsniveau,
degenereert in het algemeen als de exponent gelijk aan 1 wordt genomen, zoals o0.a. te
zien is in de modellen van Vermeer (1980) en Molenkamp (1988). Het model beschreven
in paragraaf 2.4 van dit proefschrift, dat nauw aansluit bij het model van Molenkamp,
vormt een uitzondering op deze regel.

Vermeer P.A (1980), Formulation and Analysis of Sand Deformation Problems.
Proefschrift. Technische Universiteit Delfi.

Molenkamp F. (1988), A simple model for isotropic non-linear elasticity of frictional
materials. Int. J. Num. Anal. Meth. Geomech. Vol. 12, pp. 467-475.

. Bij numericke analyses van geotechnische constructies leidt het gebruik van
gecompliceerde materiaalmodellen die het gedrag van grond zeer goed beschrijven niet
altijd tot betere resultaten dan het gebruik van eenvoudige modellen die het grondgedrag
minder goed benaderen. De analyse met een gecompliceerd model is alleen effectief als
er grondonderzoek van bijpassende omvang en precisie wordt uitgevoerd.

. Bij toepassing van het Modified Cam-Clay model wordt de helling van de Critical State
Line M in het algemeen bepaald op basis van de inwendige wrijving van het te
modelleren materiaal. Een dergelijke keuze van M leidt bij simulaties van één-
dimensionale samendrukking tot een te hoge coéfficiént van laterale gronddruk.

. Met name in situaties waarin het spanningsverloop in plaats of tijd sterk van karakter
verschilt, of in het geval van pseudo-ééndimensionale samendrukking, leidt het gebruik
van cap-hardening modellen tot een betere voorspelling van deformaties dan elastisch
perfect-plastische modellen.

. In de numerieke mechanica heeft de volledige Newton-Raphson methode voor het
oplossen van een stelsel van niet-lineaire vergelijkingen op basis van een tangent-
stijfheidsmatrix een aanzienlijk kleinere convergentieradius dan een gemodificeerde
Newton-Raphson methode op basis van een elastische stijfheidsmatrix. Het gebruik van
laatstgenoemde methode verdient derhalve de voorkeur bij praktische toepassingen.

Stricklin J.A., Haisler W.E. (1977), Formulations and solution procedures for
nonlinear structural analysis. Computers & Structures, Vol. 7, pp. 125-136.




10.

11.

12.

. Het toepassen van conventionele softening modellen in numerieke analyses leidt niet

alleen tot mesh-afhankelijke resultaten, maar ook tot slechte convergentie van het
evenwicht-iteratieproces.

De gedachte dat een non-local formulering van constitutieve relaties zich niet leent voor
wiskundige bewerkingen en analytische oplossingen, is onjuist.

Hoofdstuk 8 van dit proefschrift.

Bij het verrichten van wetenschappelijk onderzoek is het noodzakelijk om de praktische
toepasbaarheid van de onderzoekresultaten voor ogen te houden en vroegtijdig aandacht
te besteden aan de operationalisatie.

Het psychologische effect dat uitgaat van veiligheid-verhogende technieken in
automobielen, zoals ABS en airbag, leidt bij sommige automobilisten tot een verhoging
van de gemiddelde rijsnelheid, waardoor het beoogde veiligheidseffect wordt
geneutraliseerd.

Met name in de ochtendspits vertoont de snetheid van het verkeer op een continu trajekt
van een autosnelweg veelal lokaal een sterke terugval. Verreweg de belangrijkste
oorzaak van dit lokalizatie-fenomeen is een in-het-oog-springende aktiviteit op de
aanliggende vluchtstrook. De oplossing hiervan dient gezocht te worden in de sfeer van
verkeersregularizatie.

De gemiddelde bezetting van een rijdende personenauto bedraagt op dit moment 1.63
personen. In de ochtendspits is de bezetting echter beduidend lager. Het optimaliseren
van de vervoerscapaciteit door carpooling is derhalve een zeer efficiénte oplossing van
het fileprobleem, welke is te prefereren boven infrastructurele maatregelen.

Bron: CBS, februari 1994.

Het roken van tabaksartikelen zou moeten worden beperkt tot speciale daarvoor
aangewezen hermetisch afgesloten ruimten.



PAGE I

TR diss
2374

GEOMATERIAL MODELS AND

NUMERICAL ANALYSIS OF SOFTENING



PAGE I




PAGE 11

GEOMATERIAL MODELS AND

NUMERICAL ANALYSIS OF SOFTENING

e

PROEFSCHRIFT

ter verkrijging van de graad van doctor
aan de Technische Universiteit Delft,
op gezag van de Rector Magnificus Prof.ir. K.F. Wakker,
in het openbaar te verdedigen ten overstaan van een commissie,
door het College van Dekanen aangewezen,
op dinsdag 24 mei 1994 te 13.30 uur

door

Ronald Bastiaan Johan BRINKGREVE

civiel ingenieur
geboren te Doetinchem



PAGE IV

Dit proefschrift is goedgekeurd door de promotoren:

Prof.dr.ir. A. Verruijt
Prof.dr.ir. P.A. Vermeer

CIP-GEGEVENS KONINKLIJKE BIBLIOTHEEK, DEN HAAG
Brinkgreve, Ronald Bastiaan Johan

Geomaterial models and numerical analysis of softening /
Ronald Bastiaan Johan Brinkgreve. - [S.1. : s.n.]. - IIL.
Thesis Technische Universiteit Delft. - With ref. - With
summary in Dutch.

ISBN 90-9007034-6

NUGI 816

Subject headings: geotechnics.

Omslagontwerp: Peter van der Horst




PAGE V

ACKNOWLEDGEMENTS

The research described in this thesis has been carried out at the Geotechnical Laboratory of
the Faculty of Civil Engineering of Delft University of Technology, under the supervision
of Prof. P.A. Vermeer.

I gratefully acknowledge the stimulating discussions with Prof. Vermeer and other collegues.
Most models and numerical procedures described in this thesis were implemented in the
Plaxis finite element code. I like to express my appreciation for the fruitful cooperation
within the Plaxis Research and Development Team. Moreover, I enjoyed the pleasant
working atmosphere in the Geotechnical Laboratory.

The research was financially supported by the Technology Foundation (STW), and co-
sponsored by the Road and Hydraulic Engineering Division (DWW) of the Dutch Ministry
of Transport, Public Works and Water Management (Rijkswaterstaat) and by Shell Research,
Rijswijk (KSEPL). This support is gratefully acknowledged.



PAGE VI




PAGE VII

CONTENTS

INTRODUCTION
1.1  Aims and scope of this research project
1.2 Outline of the thesis

ELASTIC AND PSEUDO-ELASTIC SOIL MODELS
2.1  Preliminaries of constitutive modelling

2.2 Pseudo-elastic power law model

2.3  Elastic power law model by Vermeer

2.4  Elastic power law model by Molenkamp

2.5  Hyperbolic Duncan-Chang model

ELASTIC PERFECTLY-PLASTIC SOIL MODELS

3.1  The Drucker-Prager model

3.2  The Mohr-Coulomb model

3.3  Improvements to the Mohr-Coulomb model

3.4  Matching Drucker-Prager and Mohr-Coulomb for plane strain

HARDENING PLASTICITY

4.1  The Modified Cam-Clay model

4.2  The coefficient of later earth pressure for normally consolidated soil
4.3 The Plaxis Cap model

4.4  Comparison of tangential shear moduli for different stress paths

4.5  Overconsolidated stress states

FORMULATION AND SOLUTION OF THE BOUNDARY VALUE
PROBLEM
5.1  General equations of continuum theory
5.2  Finite element discretization
5.3  Implicit integration of differential plasticity models
5.4  Solving non-linear stress-strain relations
5.4.1 The non-linear elastic part
5.4.2 The cap hardening
5.4.3 The point of combined yielding
5.5  Global iterative procedures
Appendix

[\

O 0 W W

19

23
23
26
29
33

37
37
42
46
49
51

53
53
55
56
58
59
60
67
70
73



PAGE VIII

6. APPLICATIONS OF THE PLAXIS CAP MODEL 75
6.1  Plate loading test 75

6.2  Almere trial embankment 80

6.3  Brienenoord road widening project 85

7. LOCAL SOFTENING PLASTICITY 91
7.1  The Advanced Cam-Clay model 92

7.2 A Drucker-Prager softening model 94

7.3 A Von Mises softening model 95

7.4  Breakdown of the classical approach of local softening plasticity 97

7.4.1 Biaxial test problem 97

7.4.2 Steep embankment slope 101

7.5  Conclusions on local softening plasticity 104

8. REGULARIZATION TECHNIQUES FOR SOFTENING MODELS 105
8.1  Overview of existing regularization techniques 105

8.2  The existing non-local softening plasticity model 109

8.3 A modified non-local softening plasticity model 111

8.4  Analytical solution for the modified non-local model 113

8.5  Discussion of the analytical solution 116

8.6  Comparison with the strain-gradient theory 117

8.7  One-dimensional numerical implementation 118

8.8  Numerical versus analytical solution 121

9. IMPLEMENTATION OF REGULARIZATION TECHNIQUE 125
9.1 A Drucker-Prager non-local softening model 125

9.2  Numerical integration and implementation of the non-local model 127

9.3  Shear-banding in purely cohesive material 129

9.4  Shear-banding in rock-like material 131

9.5  Softening scaling to improve practical applicability 134

9.6  Non-local softening and scaling in slope stability problem 136

10. CONCLUSIONS AND RECOMMENDATIONS 139
REFERENCES 143
SYMBOLS AND SIGN CONVENTION 149

SUMMARY IN DUTCH  (Samenvatting) 151







PAGE X




CHAPTER 1 PAGE 1

1 INTRODUCTION

Since 1960, researchers have been working on constitutive models for geomaterials, i.e. soil
and rock. In later years such models have been applied in finite element codes, in particular
the simple elastoplastic Mohr-Coulomb model. More refined models exist, but they are not
easily applied in practical geotechnical engineering. Even well-known Cam-Clay type models
are, as yet, not generally applied for clays, and are subject to criticism. From a practical
point of view, the criticism concerns among other things the prediction of lateral stresses in
soil layers. From a theoretical point of view, the quite general use of non-conservative
elasticity laws is not justified. In fact, a proper potential for the elastic strain-energy is
missing. This study is among other things aimed at improving this situation, and some
improvements of existing constitutive models are proposed.

Another quite different part of this study concerns a new topic of geomechanics, namely non-
local material softening. Dense clays and rock show material softening, i.e. negativeness of
the second-order work, but classical softening models lead to ill-posed formulations.
Numerical calculations with such models produce unreliable results. Recently, some
researchers have put forward new ideas for arriving at well-posedness of boundary value
problems. Stimulated by some pioneering work in this field, a so-called non-local approach
is put into operation.

1.1  Aims and scope of this research project

In this study it is aimed to analyse constitutive models for geomaterials from the viewpoint
of practical applicability and to formulate a robust method for the numerical analysis of
softening behaviour.

In order to describe the behaviour of geomaterials in a constitutive model, a distinction can
be made between elasticity, perfect-plasticity, hardening and softening behaviour. A very
detailed geomaterial model will contain all these aspects, but simpler models can be
formulated by adopting only elasticity or by simple combinations of elasticity and plasticity.
Such models are reviewed with the aim of analysing shortcomings and limitations and of
finding improvements.

On considering elasticity, it is clear that non-linearity is required, but for elastic clay
behaviour in particular, proper strain-energy functions would appear to be missing. For this
reason, attention will be focused on strain-energy functions. Another topic in this study is
the use of hardening plasticity, in particular cap-hardening, of which the Modified Cam-Clay



CHAPTER 1 PAGE 2

model is a well-known example. Although Cam-Clay type models are, in principle,
appropriate for practical applications, there is the shortcoming that these models do not give
the correct lateral stress in one-dimensional compression. Therefore this will be studied here.
A proper numerical integration of the Cam-Clay model was recently proposed by Borja &
Lee (1990), but the numerical treatment of yield vertices has not yet obtained full attention.
Yield vertices become important when implementing, for instance, the Advanced Cam-Clay
model, as described by Atkinson & Bransby (1978). In this model, a yield vertex is present
at the intersection of the Hvorslev surface and the yield cap. For this reason the topic of
numerical modelling will be given attention.

Cam-Clay models do not only involve hardening plasticity, but softening plasticity as well.
Unfortunately, softening models cannot be used straightforwardly in numerical simulations
because of mesh-sensitivity. Near failure, all deformation tends to concentrate in the
narrowest shear-band that can be resolved by the mesh, i.e. a shear-band thickness of about
one element. Hence, upon mesh refinement, shear-bands become narrower and computed
load-displacement curves will change considerably. From an engineering point of view,
element size dependency is solved by using a technique as proposed by Pietruszczak & Mroz
(1981), in which the softening is scaled according to the element size and the desired shear-
band thickness. However, an influence of mesh alignment remains. Moreover, scaling
techniques as proposed by Pietruszczak & Mroz do not solve the problem of numerical
instability, as associated with classical softening models. New fundamental methods, which
are called regularizations, were introduced to solve the problems related to the use of
softening models. One type of regularization involves non-local theories, for which
pioneering work has been done by Bazant et al. (1984). Another regularization, which can
be seen as a derivation from non-local theories, is the strain-gradient theory. Extensive
contributions in this area were recently made by De Borst and co-workers (1991, 1992). In
1986, Miihlhaus was among the first researchers who successfully applied the old Cosserat
theory as a regularization for shear-banding problems. In the field of complex regularization
methods, which are generally not easy to apply in practice, this study is aimed to develop
one of the basic theories in order to obtain a robust regularization method with a high degree
of practical applicability.

1.2 QOutline of the thesis

As mentioned above, this thesis can be divided into two parts. The first part is on well-
known fields of geotechnical research, i.e. constitutive modelling and non-linear finite
element analyses. The second part concerns a new topic of geomechanics, namely, the non-
local approach to the modelling of softening phenomena.
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Chapter 2 deals with elastic and pseudo-elastic soil models. An analysis is carried out into
the extent to which some non-linear models can be used to simulate the (elastic) behaviour
of geomaterials. Special attention is given here to strain-energy functions. The
complementary strain-energy function as presented by Molenkamp (1988) is extended to
account for a linear relationship between stiffnesses and stress level. Chapter 3 gives a
description of perfectly-plastic models. Aspects of vertex yielding are discussed in relation
to the Mohr-Coulomb model and simple extensions of this model are proposed for practical
applications. In plane strain situations, an elaboration is given as to how Drucker-Prager
model parameters for dilatant materials should be related to well-known soil properties in
order to arrive at the more accurate Mohr-Coulomb failure level. Chapter 4 deals with a
particular form of hardening plasticity: Cap hardening. As an example of cap hardening, the
Modified Cam-Clay model is described. For this model the relation is analysed between
model parameters and the development of lateral stresses in one-dimensional compression and
it is concluded that Kj-values tend to be overpredicted. In order to account for this
shortcoming of the Modified Cam-Clay model, a slightly different model is introduced,
named the Plaxis Cap model. An analysis is made of how the stiffness behaviour in cap
models varies for different stress paths. Chapter 5 contains the general equations for the
solution of the boundary value problem by means of the finite element method. A detailed
description is given of various aspects of stress integration with respect to time, including the
numerical treatment of yield vertices in the Plaxis Cap model. In Chapter 6 this model is
used for some practical applications. In each application a comparison is made between the
new model and a well known perfectly-plastic model. This is done in order to investigate
under which conditions the use of hardening plasticity is required.

Chapter 7 deals with softening plasticity. After some softening models have been described
according to the classical (local) plasticity theory, it is shown that such models suffer from
specific problems when used in numerical applications. Apart from mesh-dependency, as
reported by several other researchers, the phenomenon of poor convergence is discussed,
which was not mentioned in former studies. Chapter 8 gives a description of so-called
regularization techniques, which were developed to overcome the numerical problems related
to the use of softening models. A new non-local regularization method is introduced, named
the Modified Non-local Method. In one-dimensional form, this model allows for an analytical
solution for necking in a tension bar. The analytical solution proves the effectiveness of the
current non-local method and, at the same time, the non-effectiveness of existing non-local
models for one-dimensional applications. Numerical calculations are performed in order to
validate the new theory. In Chapter 9 the modified non-local method is extended to general
three-dimensional situations and applied to previously formulated softening models.
Verification of proper functioning is done by a recalculation of the numerical applications of
Chapter 7. A practical solution is presented to avoid the use of extremely small elements.
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The final chapter, Chapter 10, contains the general conclusions that were drawn from the
work described in this thesis, and some recommendations and topics for further research are
proposed.
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2 ELASTIC AND PSEUDO-ELASTIC SOIL MODELS

In this chapter a selection of elastic and pseudo-elastic models is considered. Elasticity is
associated with reversibility of strains upon unloading. A truly elastic model, or hyper-elastic
model, is defined as a model that does not allow for generation or dissipation of energy in
closed stress loops. Such models involve a so-called strain-energy function, as for instance
considered by Fung (1965). Pseudo-elastic models are models based on elasticity theory, but
they do not satisfy the basic criterion of reversibility. Moreover, the pseudo-elastic models
will most generally not satisfy the above energy criterion. The latter type of models is more
interesting for practical applications rather than for scientific purposes. However, because
the aim of this study is to form a balance between science and practical applicability, both
types are considered here. The beginning of this chapter is devoted to some preliminary
relations, which are used throughout the thesis.

2.1  Preliminaries of constitutive modelling

In the relationship between rates of stress and rates of strain, as considered in this study,
restriction is made to either a truly linear relation or a multi-linear relation. A truly linear
relation is, for example, obtained for truly elastic materials. For elastoplastic models the
relationship is usually bilinear to distinguish between loading and unloading, but other forms
of multi-linearity exist (Koiter, 1953). Another bilinear relationship is implied by the pseudo-
elastic Duncan-Chang model (Duncan & Chang, 1970) as considered in Section 2.5. The
multi-linear relationship between rates of stress and rates of strain is written in the form:

™
I
5y

a or 2.1

5

1l
I=

15

In this equation the stress and strain tensor are written in vector notation, which involves all
the six Cartesian components:

¥ (2.2a)

I

= (Eyy o Eyys 875 Vay > Yyz 0 Vx

T
0 = (04, Oy s Oy s Oy » Oy O) (2.2b)

Positive normal stresses are considered to represent tension, whereas negative normal stresses
relate to pressure. Similarly, positive normal strains relate to extension whereas negative
normal strains relate to compression.
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It is often useful to transform the Cartesian stress components into principal stresses. For the
general three-dimensional case, three principal stresses (o) , 0, , 03) exist, which
correspond to the three principal stress directions. The orthogonal basis formed by the three
principal stress axes is referred to as the principal stress space. States of stress can be plotted
as points in the principal stress space and changes of stress can be represented by stress
paths.

Another way of representing stresses is by means of the invariants p, g and §, defined

as:
p= 10 +0y*03) (2.32)
9 =\J Lo =0 + (0 - 0P + (03 - 00 (2.3b)
0= % arcsin —; (o, +p) (o ;p) (o3 +P) (2.3c)
q

In this form, p is the isotropic stress or mean stress, ¢ is the equivalent shear stress, and
6 is referred to as Lode’s angle. The equivalent shear stress is a composition of deviatoric
stress components. Under triaxial stress conditions where o, = o3, ¢ is just the principal
stress difference: ¢ = |6, - 03] .

Strains are often presented as principle strains (g, , & , &3) as well. Other strain measures
that are frequently used in this study are the invariants &, and g, defined respectively as:

g, = —(g + & +&) (2.4a)

2 2 2 2
& =\J 3 ((a1 - &) + (& ~ &) + (& — &) ) (2.4b)
The volumetric strain &, is considered positive for compression. The equivalent shear strain
&, is under triaxial strain conditions where &, = &3, equal to two thirds of the principle
strain difference: & = /3 | & - & | .

The matrix C in Equation 2.1 is the material compliance matrix and M is the material
stiffness matrix. The coefficients of these matrices will generally be functions of the actual
state of stress and strain to account for non-linear material behaviour. For elastoplastic
models, the matrices C and M also depend on the increments of stress and strain. Indeed,
in classical plasticity as, for instance, considered by Hill (1950), a distinction is made
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between loading and unloading. For loading, M is an elastoplastic stiffness matrix and for

unloading M is a much stiffer elasticity matrix. Hence, the differential equation is not linear
as suggested by Equation 2.1, but the relationship is bilinear. A further step in this direction
is to distinguish between different types of loading and thus different types of plasticity
(Koiter, 1953). In this manner one obtains a multi-linear differential equation.

The simplest form of the material stiffness matrix M in Equation 2.1 is that given by the
generalized form of Hooke’s law, which represents isotropic linear elastic behaviour. Only
two elastic parameters are required: In engineering practice mostly taken as Young’s modulus
E, and Poisson’s ratio ».

Foxx T I 1-v v v 0 0 0 _1 —Sxx W

Oyy v 1-» 0 0 0 Eyy

‘.izz _ E v v 1-» O 0 0 z:;zz 2.5)
Ty (I+»)(1-2v) | 0 0 0 %-» 0 O Yxy

&, 0 0 0 0 % O Yy

Oz | 0 0 0 0 0 %y _*raj

The elastic material stiffness matrix according to Hooke'’s law is referred to as D°. The
equivalence of Equation 2.5 in terms of the invariants of stress and strain, as defined above,
can simply be formulated as:

p K 0 &y
|- . 2.6)
q 0 3G &g
in which K is the bulk modulus and G is the shear modulus. In Hooke’s law K, G and
E are interchangeable:

E E
= _ G=  ~ __ 2.
K 3(1-2v») 2 (1+vw) @7

Because of the non-linear soil behaviour it is difficult to choose a proper stiffness modulus
in this model. In fact, the stiffness changes as a function of stress and strain. Moreover, a
clear distinction should be made between drained conditions where parameters (E°, »’)
relate to effective stresses ¢, and undrained conditions where parameters (E,, »,) relate
to total stresses g. The shear modulus G is unaffected by such conditions. It simply relates

both sets of parameters in the following way:
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E, E

=2G,=2G = 2.9)

1+p 1+p

u

Hence, G, = G’. This is one of the reasons why it is preferred to use the shear modulus
as a model parameter for soil rather than Young’s modulus. In the remainder of this thesis
the apostrophe (’) will conveniently be omitted when considering effective model parameters
and effective stresses.

2.2 Pseudo-elastic power law model

In addition to Terzaghi’s logarithmic compression law (Terzaghi, 1925) it was Ohde (1939)
who formulated the compressibility of materials in a general form by defining the stiffness
modulus as a power function of the "load" p. In a later period, researchers such as Schultze
and Moussa (1961) showed, by experimental studies, that a tangent modulus of one-

dimensional compression E_,, for dry sandy materials can be written as a power function

oed
of the stress p:

1
Epg = — = o p” 2.9)

v

where o and m are model parameters which can be obtained from oedometer tests by
plotting the logarithm of the axial stress against the logarithm of the axial strain. Schultze
and Moussa (1961) found that the power m ranges from 0.3 for dense sand to 0.8 for
loose sand.

For general states of stress, the idea of stress-dependency can be included in Hooke’s law
by formulating a tangential stiffness modulus as a stress-dependent quantity obeying a power
law:

m
P
p ref

G, = Gref (2.10)

Correspondingly, the tangent Young’s modulus E, or the tangent bulk modulus X, can also
be formulated by such a power law. The superscript ref denotes a particular reference
value. The power m is supposed to be a material constant, ranging from 0.0 to 1.0. For
sand and overconsolidated clay the average of the power is about 0.5, whereas for normally






