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1. De door Walsh gepubliceerde formule voor de elasticiteitsmodulus van
gesteente met initiéle microscheuren, Ee", te weten

E =E/(1+%a%h
of f 16

met E = modulus voor intact gesteente, 2c = gemiddelde scheurlengte, vis
scheurdichtheid, @« = 5 voor open scheuren en a = (2+3u2+2y‘)/(1+u2)1'5- 2
voor schuivende scheuren met wrijvingscoéfficiént g, is fout. Een gecorri-
geerde afleiding levert voor open scheuren a = 10 en voor schuivende scheuren
« = 2 ~ (2p°+5p43u)/U4pH)2E,

J.B. Walsh, ‘The effect of cracks on the uniaxial elastic
compression of rocks’, J. Geophys. Res., 70, (2), 399-411 (1965)

2. De eindige-elementenmethode verdient een bredere acceptatie onder

geotechnisch ingenieurs, aangezien de resultaten, zelfs in die gevallen waar

grondgegevens beperkt zijn, inzicht verschaffen in het gedrag van grond.

3. Splitsing van de materiéle afgeleide van de Cauchy spanningstensor in een
constitutief en een convectief deel, leidt tot een eenvoudige interpretatie

van enkele objectieve spanningstensoren.

Dit proefschrift, hoofdstuk 1.
4. Meten is weten, maar simuleren is leren.

5. De in een cap-plasticiteitsmodel gebruikte elastische dwarscontractie-
coéfficiént, ve, is groter dan de initi&le co#&fficiént, v., welke het model
voorspelt bij de simulatie van een gedraineerde triaxiaalproef op een normaal
geconsolideerd monster. Kiest men v = 0 dan volgt dus vl( 0, hetgeen niet

wenselijk is.

6. De kleur van een creditcard dreigt een indicator voor maatschappeli jke

status te worden.



7. Het stelsel consistentievergelijkingen voor de triaxiaalribben in
singuliere vloeiopperviakken kan in het geval van isotroop materiaalgedrag
ontkoppeld worden, waardoor het oplossen van deze vergelijkingen eenvoudiger

wordt.

Dit proefschrift, hoofdstuk 5.

8. De opvatting dat een eindige-elementenprogramma met interactieve invoer
een verhoogde kans op verkeerde antwoorden geeft, is onjuist. Een dergelijke
optie ontlast immers de gebruiker, waardoor deze zijn aandacht meer kan

richten op de fysische interpretatie van in- en uitvoergegevens.

9. Voor de nauwkeurige analyse van constructies op slappe grond is het

noodzakelijk effecten van grote deformaties in de beschouwing te betrekken.

10. De huiskat is nummer één op het gebied van vandalisme; de mens is een

goede tweede.

11. De levensmiddelentechnologie heeft ons leven verrijkt met vetarme frites-

saus en suikervrije kauwgom. Het wachten is nu nog op alcoholvrije jenever.
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1. INTRODUCTION

The finite element analysis of deformation and failure of soil bodies has
been the subject of many studies in the past and much progress has indeed been
made since the first publications appeared. However, the application of the
method in day to day engineering practice has advanced at a much slower rate.
This is partly due to the fact that considerable skill and experience is
needed to control the non-linear finite element computation, especially when
highly frictional soil is being considered. In addition, finite element
results can be rather disappointing in the sense that they may display
non-physical phenomena like stress oscillations and spurious deformations.
Instead of concentrating on solving these basic problems, most finite element
research is aimed at spanning the frontiers of application. As a result, the
gap between research and engineering practice tends to widen instead of
narrow. To prevent this from happening more attention needs to be paid to the
design of robust finite element procedures. The finite element method deserves
wider acceptance as it can help provide a clearer understanding of soil
behaviour, even in cases where soil data are limited, and can thus assist in

making decisions on safe and economic design.

The aim of this study is to improve some existing procedures for the finite
element analysis of soil deformation and collapse. Special attention is paid
to problems of soil-structure interaction. Here emphasis is put on the
behaviour of soil rather than on that of structures. This seems to be
justifiable if static interaction of stiff structures and soft socil is
considered. In such a case non-linear response will exclusively stem from soil
deformation. In addition, the quality of results depends to a high extent on
the proper modelling of soil flow along structures and not on the modelling of
the structure itself. An exception is made when geotextile reinforcement is
considered. In that case the structural element, i.e. the geotextile, is

highly flexible.

The contents of this thesis are arranged as follows. Chapter 2 discusses the
equation of continued equilibrium, which serves as a starting point for the

finite element formulation of large deformation elastoplasticity. Special



attention is devoted to the interpretation of some objective stress rate
tensors. All constitutive models in this thesis are based on the theory of
plasticity. For this reason, chapter 2 also gives the structure of
elastoplastic constitutive models.

In Chapter 3 the solution of non-linear finite element equations is
addressed. The choice of suitable step sizes in the incremental-iterative
procedure proves to be difficult, especially when highly frictional soil is
considered. As a result, it is difficult to obtain the complete
load-displacement path of a soil body up to and beyond limit points. To
correct this situation, an automatic load stepping procedure is developed. Its
application is demonstrated by considering several problems of soil-structure
interaction. In addition, a discussion is given of error estimates and
convergence criteria. It 1is pointed out that traditional criteria, like the
out-of -balance error, may yield inaccurate results.

The application of interface elements to problems of soil-structure
interaction is discussed in Chapter 4. Interface elements are applied at the
contact between soil and structures, where the soil is intensely distorted.
After a straightforward formulation of an interface element, its numerical
spatial integration is addressed. The quality of computed contact pressures is
very much dependent on the type of integration scheme applied. This phenomenon
is discussed in depth. After this, a novel use of interface elements is
presented, namely the treatment of singular plasticity points. Such points are
encountered in most problems of soil-structure interaction. Some example
problems are solved to demonstrate the influence of singular plasticity
points.

Chapter S discusses soil deformation in the pre-failure range. The
well-known Mohr-Coulomb plasticity model is enhanced by introducing a yield
cap. This model is special in the sense that it is able to simulate realistic
states of stress in one-dimensional compression. In contrast to existing yield
caps, we apply the Mohr-Coulomb concept of an angular yield surface and not
the Drucker-Prager concept of a circular yield surface. This discussion also
covers the treatment of ridges in singular yield surfaces. It is shown that
the classical treatment can be simplified by exploiting symmetries in the
yield surfaces. A large scale model test on a circular footing is simulated to

demonstrate the model’s capability.




Finally, Chapter 6 touches on large deformation effects in the analysis of
soil deformation. After validation of the updated Lagrangian technique, as
developed in Chapter 2, this technique is used in the analysis of a circular
footing test. Experimental results appear to fit well. Differences between
small and large deformation computations become apparent.

Another application is the analysis of reinforced soils. For this purpose a
special large deformation membrane element is developed. An important
application can be found in the analysis of reinforced roads and embankments.
In this study we consider the test embankments in Almere, the Netherlands.

Both a reinforced and a non-reinforced embankment are analyzed.

In this study only rectangular Cartesian coordinates are considered. Index
notation is employed in the formulation of basic equations for the problem of
large elastoplastic deformation, whereas vector notation is wused in the
discussion of finite element equations. One exception to this rule is found in
Chapter 2, where the formal derivation of finite element equations is
performed using index notation. The summation convention applies to repeated
lower indices only in chapter 2. In imitation of Fungb, a comma preceding a
lower index implies differentiation with respect to a spatial coordinate and a
superimposed dot denotes the material rate of change. A single underscore is
used to identify a vector, whilst a double underscore is used for matrices.
This report does not contain a list of symbols. Instead, all symbols are

defined when they first appear.



2. FORMULATION OF BASIC EQUATIONS

In this chapter the basic equations for the problem of large elastoplastic
deformation and its finite element discretization will be derived. The
equation of continued equilibrium prescribes the way in which stress and
strain change without violating equilibrium. Secondly a formal framework is
developed for large deformation elastoplastic constitutive relations. All
specialized models in subsequent chapters should adhere to this. Finally the

finite element discretization of the governing equations is discussed.

2.1 Virtual work equation

Let us consider the equilibrium of two bodies sharing a common contact
surface as indicated in Figure (2.1). The bodies are labelled with index a and
index b respectively. Equilibrium requires the residual r, to vanish for all

material points in the interior of the bodies!’?’3

b
re = 0‘?_ + 1? =0 ; r-t.’ = o‘t.’ +y =0 (2.1)
i i, i i iiy) i

where o‘jl is the Cauchy stress tensor and y is a body force. Note that the
1

current configuration is taken as a reference configuration. The virtual work

equation can be obtained by restating equation (2.1) in its weak form"

SW

J r?BuidV +j r‘i’auldv =0 (2.2)
Va Vb

where 8u_ is a small displacement variation.
1}

Figure 2.1. Equilibrium of two contacting bodies.




Inserting definitions (2.1), applying Gauss’s divergence theorem and Cauchy’s

formula, ¢ n = t_, transforms equation (2.2) into the well-known form®’®
Jji o3 i

—J o Su. ,dv+J' 7_6u,dV+J t%su dS+J t°su ds = 0 (2.3)
v Ji i, v i i al i Sbl i

Here the volume V extends over both bodies. The surfaces of the respective
bodics are denoted by Sa and Sv and t is the associated traction. If we split
1
the surface into an external part, Se, and a common contact, Sc, the surface

terms in equation (2.3), 8Ws, can be written as

SW = J t du dS + f t?8u dS + J t®su_ds (2.4)
s 1 1 1 1 1 1
Se Sca Scb

Newton’s principle of action and reaction, namely
t’= —t°= ¢ (2.5)
yields after insertion in identity (2.4)

SW = f t Su dS + J T du dS - J T 3u dS (2.6)
s 1 1 i 1 1 1
Se Sca Scb

The virtual work equation in its final form reads

-3W _ -8W +3W +8W = 0 (2.7)
o C s t
where

SWO_EJ o Sdu dV
y i

3W EJ r,Su.dS—J‘ T du_dS

C i i i 1

Scb Sca

SW EJ ¥ . du dV

6Wt

i
——
1%
-
o
c
o
2



2.2 Equation of continued equilibrium

Changes of stress and deformation should be such that equation (2.7) is

valid at all times. This condition is met when
(W'=0 (2.8)
in \;vhich a‘ dot dgnotes the materia} rate of Changel‘z
F = oF/at + ﬁkr’k (2.9)

Differentiation and rearrangement of this formula yields the following useful

identity

F )=F -u F 2.10
F ) Lk, Lk (2.10)

which will be needed in the remainder of this chapter. The material rates of

change of volume and surface integrals are given by

[ IVF dV"] = IV[ F+F ekk] dv (2.11)

[J'Fds]=‘[[i"+r(é - )]dS (2.12)
S S kk k. I kil

in which ékl represents the strain rate tensor and n is the normal to the
surface element dS. Detailed derivations can be found in the 1iterature1’2.
Condition (2.8) can now be elaborated with the aid of the above formulae.

For the first term we find

,3u 0 ) dv (2.13)

i 1,3 i i, I,j k,k

sW =I(5‘__6u + 0 (Su ).+0‘
¢ v } J

With the aid of equation (2.10) the material rate of change of the virtual

displacement gradient can be split into two parts

(Sul ) =8u ~-u &u =-u &u (2.14)

the first of which is zero, for aul is kept constant with regard to the moving

material during operation (2.8).




Substitution of this result in equation (2.13) yields

W =J(&,—o,& +o. U )u  dV (2.15)
[o2d v Jt ki j,k ji k,k 1,

The term in brackets in this equation can be identified as the

material rate of change of the first Piola-Kirchoff stress tensor'*?
2.2‘=¢.r.—0‘ U +o¢ U (2.16)
ji ji ki j,k Jiok,k
Consequently, equation (2.15) can be simplified to the expression
SW_ = J T su  dv 2.17)
o v ito1)

Upon differentiation the interface term SWC in the virtual work
equation yields
SW = | [t 88u + t (J u - J&u)ldS (2.18)
C Se i i i b i a i

Here J determines the stretch of a surface element (dS) = JdS and 6Au] is the
virtual relative displacement 5Aui = Su:’ - Bu?

The material rates of change of the load terms in equation (2.7) follow
directly from differentiation according to equations (2.11) and (2.12)

sW = J (3 + yu ) dudv (2.19)
v i i k,k i

s

SW. = f (1 +tJ)suds (2.20)
t S i i i

In this study, only dead loading will be considered. Consequently, the load ¥,

is a load per unit of mass

¥, TTPE H YT, TYPETYYPE, (2.21)

Here ¥ is a load intensity and p is the density of the material. From

continuity it follows that

p = U P (2.22)



Substitution of this result in equation (2.19) yields for dead loading

SW_ = I ¥ p gdu dv (2.23)
v v 1 i

We will also assume that the traction is derived from a co-stretching load,

which implies that
W, = J.Stpsnléulds (2.24)

Here, p is defined by the expression ;:s = -] Py t is a load intensity and n‘
s
determines the direction of the traction.
The condition for continued equilibrium is now found by inserting the

material rates of change (2.15~2.24) into equation (2.8)

—J )3 Su. _dV-IIdS+I'}pglsu‘dV+J‘{pn6u‘dS=0 (2.25)
y It i g v g 51

where .
I =180 +7T (Jdu-1Jdu)
c i 1 Pp1 Cad

In reference (7), Van der Lugt arrives at a slightly different expression for

the interface term Ic. namely
I =1 80u + 1 J 8Au
c i 1 ir 1

where Jr= % ( Ja + Jb) is the stretch of a common reference surface. Note that
this expression coincides with definition (2.18) when both contacting surfaces
deform at the same rate, i.e. Ja= Jb. However, in general, expression (2.25)
is more accurate as it does not disregard differences in stretch. Boulon®
enhances the equation of continued equilibrium by taking possible separation
of the contacting surfaces into account.

To complete relation (2.25), increments of stress should be related to

increments of strain by means of a constitutive equation.




2.3 Objective stress rate tensors

Constitutive equations relate measures of strain to objective measures of
stress. Such stress measures ensure for instance that rigid body motions do
not influence the stress state of the material. Several definitions of stress
rate can be found in the literature, references (1,2,6,9,10). Three of those
definitions will be discussed here, namely the ones by Jaumann, Hill and
Truesdell respectively.

To arrive at a definition for an objective stress rate we should realize
that the material rate of change of Cauchy stress is caused not only by
elastic deformation, but also by convection of the Cauchy stress which was
already present before the change took place

c =0 +o (2.26)
i) i) ij

The first term, ;ij’ will be called the constitutive rate of Cauchy stress and
the second term, c;ij, the convective rate of Cauchy stress. These names are
not usual in the literature, but help provide a clearer understanding of the
present line of reasoning. The definitions of objective stress rate now follow
from the interpretation of the convective stress rate.

Suppose a material element is loaded by the forces df? on a surface element
dA?, Figure (2.2). The corresponding Cauchy stress o*ij follows from Cauchy’s

1,2
formula

o dA’= df(j (2.27)

Jaumann Hilt Truesdell

Figure 2.2. Interpretation of the convective rate of Cauchy stress.



During a deformation, the forces on a surface element follow the moving body.
The force keeps the direction of the line element with which it was aligned in
the configuration at t=t0. The surface element rotates and stretches. To
obtain the convective change of Cauchy stress, the components of both the
force and the surface vectors in the current configuration at t=tl should be
expressed relative to a fixed frame of reference. In appendix A it is derived
that these components are given by

ar'=c dr’=c o  dA°
1 iy ij kj k

L (2.28)

1 - ]
dAl- po/pl CJl dAJ

Here C” is the deformation gradient and po/p1 is the ratio of subsequent
densities. The convective change of Cauchy stress relates the deformed surface

to the force on it in the following way
(¢ +¢& dt) dA'= df! (2.29)
i i3 i J

This stress can be related to the stress in the configuration at t=to by

combining equations (2.28) and (2.29)

(0‘”+ O‘Udt) =pP/P, C“(C“ o (2.30)

In appendix A it is shown that matrix C” and the ratio of subsequent
densities can be related to the deformation of the material point being

considered

pl/p0 = (1 - ckkdt) ; Cij= (6“_+ (e”— Qlj)dt) (2.31)

where the strain rate tensor ;:lj and the spin tensor Qi are defined by6

e =@ +u )

N -
.
.

(2.32)

Jaumann rate of stress :
The Jaumann definition of stress rate considers only convective changes due

to rotation. Consequently, terms due to deformation should be deleted from

- 10 -




expression (2.31)

pl/p0 =1 ; C”= (Bij— Q”_dt) (2.33)
The convective rate of stress follows from the combination of this and
equation (2.30).

~J

o =0 +0 Q (2.34)
] ik kj JK ki

The Jaumann rate of Cauchy stress is defined as the corresponding constitutive

stress rate which is found by rearranging definition (2.26)

¢l =6 -5’ (2.35)
ij ij i}

Substituting the convective change of stress yields the well-known definition

1,6,9
of the Jaumann stress rate '’

o J

o = c;‘”— o (2.36)

Hill rate of stress:
When dilation is taken into account, but directional changes of the force
and surface vectors are based on rigid rotation only, it is found that

pl/po = (1 - ckkdt) : C“_= (6”— Q”dt) (2.37)

From these expressions and equation (2.30) the convective change of Cauchy

stress is obtained

ve Q +o Q =-¢ o +& (2.38)
J ik kj jk ki kk 1] i}

which results in the following constitutive stress rate

o =0 +e o (2.39)
i) i) kk 1]

This definition will conveniently be called the Hill rate of stress. Other
names encountered in the literature are co-rotational rate of Kirchoff

10 . 9
stress ~ and Biezeno-Hencky stress rate’.

- 11 -



Truesdell rate of stress:

Finally, all deformation effects are taken into account in the Tr‘uesdelll’g

stress rate definition

PP, = (1r- ekkdt) ; CU= (6”+ (8”— Q”)dt) (2.40)

which yields the following convective change of Cauchy stress

~T . . .
o =-cg 0 +0 Q 40 Q +0 € +0 €
1] kk 1] ik kj jk ki ik kj jk ki
. . . ~J
-£ O €

L+ 0 € +0C +0 (2.41)
kk ij i1k kJ  jk ki 1}

and the Truesdell definition of the constitutive stress rate

o' =¢' +é 6 -0 & -0 & (2.42)
ij ij kk 1] 1k kj  Jk ki

. .

The definition by Truesdell will not be wused here because it is very
involved and displays a non-physical characteristic when used in Hooke’s law
for increments of stress and strain. In addition, Hill’s definition has the
advantage that it symmetrizes the finite element equationslo’“'-’. Therefore,

the constitutive equations will be developed on the basis of the Hill rate of

Cauchy stress.

-0 Hill

Jaumann

o S i

Truesdell 7 Il"
77777

0 1 2 il
lo

Figure 2.3 Result of oedometer test for three stress rate definitions

Figure (2.3) shows the result for the simulation of a compression test. The

curve which follows from Truesdell’s definition of stress rate is described by

- 12 -




the expression
c=E (" -1 (2.43)

Here, E is Young’s modulus, whilst € is the logarithmic strain which follows
from integration of the strain rate. Note that Poisson’s ratio was chosen as
equal to zero. It appears that the stiffness decreases when the density
increases, whereas the opposite would be expected from a physical point of
view. However, the curve based on Hill’s stress rate definition agrees well

with the above expectation. Now the stress-strain relation is given by

-€

c=E(l-e") (2.44)

Hence, Hooke’s law for increments of stress and strain can best be based on
Hill’'s rate of stress. The performance of a model based on Truesdell’s
definition can only be improved by adopting an incremental non-linear elastic

law.

2.4 Objective rates of surface traction

The formulation of a constitutive relation for the interface at the contact
between bodies requires the definition of an objective measure for the
traction. This measure can be developed along the same lines as the objective
stress rate tensor. Like in equation (2.26), we can distinguish between a
constitutive change, {i, and a convective change, {i , of the surface traction

t =1t +f% (2.45)

i i
By definition, the traction t relates the surface element to the force on it
1

t dA®= df?

1

(2.46)

During deformation, the components of the force change according to equation
(2.28) when related to a fixed frame of reference. In addition, the surface

element stretches

dA'= (1 + 1dt) dA® (2.47)

- 13 -



Here J denotes the surface stretch. The convective change of the traction

relates the surface to the force on it, namely

(t,+ T at) da'= df: (2.48)

Substitution from equation (2.28), (2.46) and (2.47) yields after some

rearrangement

i =tqf

i —t I+t ef (2.49)
i k ki i . k k

i
Here a superscript r denotes that the deformation should be derived from the
movement of the contact surface.

When only rigid rotation is considered in the development of equation
(2.49), the Jaumann rate of traction is obtained

Jaumann: %J= {.— t Qr_ (2.50)
i i k ki

According to Hill directional changes are derived from rigid rotation. In

addition, the stretch of the surface is taken into account
Hill: t = tl + tiJ (2.51)

Finally, all deformation effects are taken into account in the Truesdell

definition of an objective traction rate

°J

Truesdell: =17+ t 1"t "
i i i k

i (2.52)

For the evaluation of equation (2.49), the deformation of the contact
surface is needed. As observed earlier, however, both contacting surfaces may
deform independently. Consequently, we need a reference plane from which the

deformation is derived. This plane can be defined by its deformation
({1‘+ u°) (2.53)

Note that when both planes deform at the same rate, the correct deformation is
obtained. With this definition, the stretch and the spin tensor in equation

(2.49) can be written as

" = % 1+ 1% (2.54)

- 14 -




2.5 Structure of elastoplastic constitutive equations

A suitable measure of strain is the strain rate tensor é”, which is the

symmetric part of the velocity gradient tensor
= -(u +u ) (2.55)

All constitutive relations in this study will be based on the theory of

3,5

plasticity Consequently, the strain rate tensor can be split into an

elastic part and a plastic part
e =%+ g (2.56)

of which the first part induces changes of objective stress. Here the singular
surface plasticity theory of Koiter® in its generalization by Mandel'? is
followed. In this theory, the plastic strain rate is split into separate
contributions

ef = Z bk (2.57)
1) 1)

k .
P¥ adheres to the conditions

.
A strain rate component ¢
ij

épk=0whenf<00rwhcnf=0andf(O
ij k Kk k

ook (2.58)
€™ 0 when f

=0 and f = O with A > 0
1} k k k

where I"k is a yield function and Ak is a positive multiplier which relates the

strain rate to a plastic potential function g.= gk(c'_lj)

&P = a 98 (2.59)
ij k aou

Mandel adopts the concept of strain hardening by assuming fk to be a function

of the stress state and of the multipliers A
m
f=f(c ,Aa) (2.60)
k k ij m
As a result, the multipliers can be solved from the consistency conditions

Faoe L8 io (2.61)
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For isotropic response, the relation between the objective stress rate and

the elastic part of the strain rate tensor becomes'’?’3:5:©
d e ‘e
TS D”kls:kl (2.62)
where
€
k= A8, 8 (alka“«» 8,3,) (2.63)

The parameters A and g are Lamé’s constants and 611 represents the Kronecker
delta. Some researchers'® argue that this definition of elastic response is
only valid for small elastic deformation. For large elastic deformation, a
closed cycle of load application and removal yields energy dissipation in some
cases. However, this restriction is not very severe in the case of soil
mechanics, where large deformation is mainly caused by plastic strain.

Combination of equations (2.56) and (2.59-2.62) yields after some

elaboration
B & =390 p° ¢ (2.64)
km m ad‘u ijpq pq
where
B =9 po 2% _of (2.65)

xm 80 ijpq o  BA
ij Pq m

Equation (2.64) represents a system of linear equations for the unknown
multipliers A , which upon solution yields
m
A =B 1o pe ¢ (2.66)
do

m mk

where by definition

B!B =35 (2.67)
1)k ik

Combination of equations (2.56), (2.59), (2.62) and (2.66) leads to the formal

expression for the constitutive relation,

© _ ep .
trlj— Dljklckl (2.68)
where
° _p® _p° 98 pg1Of pe (2.69)
ijkl ijk1 ijrs 60'” mn 60‘p pakl
q
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Equation (2.68) serves as a basis for more detailed descriptions of material

behaviour.

The constitutive relation for the contact between bodies will be developed
in complete analogy to the relation for the continuum. In this case, the
relative velocity of the contacting surfaces can serve as a measure of

deformation7
- (2.70)

Again this deformation is split into a reversible part and an irreversible
part

Au = AGS+ AUP (2.71)
1

1 1

The irrcversible, or plastic, part of this expression is derived from a
plastic potential function g = g(t), which is now a function of the surface
1

traction t.
1

*p_ ¢ 3g
P2 X 22 .
Aul atj (2.72)
A yield function f(t)) is introduced to distinguish between elastic and
1
elastoplastic response.
A simple linear relationship is chosen to relate an objective rate of

surface traction to the elastic part of relative velocity

t =»p°

) YN (2.73)
J ik k

The complete constitutive relation for the contact behaviour is obtained by

combining equations (2.71-2.73)

%j =p? Aixk (2.74)
J
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